Planar Topological Hall effect (PTHE), with an external magnetic field applied in the plane of the charge current, is believed to arise from in-plane skyrmions. Here, we propose that the PTHE can robustly appear also from an unexpected source, the conical spin spiral phase, realizable in a wide variety of materials. We show that for both in-plane skyrmion tubes and conical spin spirals, the PTHE is two-fold symmetric with respect to the magnetic-field angle, while it is four-fold symmetric for labyrinth domains of orthogonal conical spin spirals. We predict that the symmetry and thickness-dependence of the PTHE can distinguish between the two scenarios, unambiguously probing the nature of the antisymmetric spin-exchange interaction and the resulting magnetic texture. arXiv:1911.02978v1 [cond-mat.str-el] 
Introduction.-Transport of electrons in the presence of chiral magnetic textures has emerged as a central topic to pave the way towards exciting new physics and spintronics applications [1] [2] [3] . In noncentrosymmetric magnets and oxide interfaces, the chiral magnetic textures typically originate from Dzyaloshinskii-Moriya (DM)type antisymmetric exchange interactions [4, 5] . A noncollinear texture, such as the skyrmion crystal (SkX), possesses a finite scalar spin chirality which produces an emergent magnetic field and influences the electronic transport, giving rise to topological Hall effect in metals [1, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
In the planar Hall geometry, with coplanar magnetic field and charge current, a field-angular modulation of the planar topological Hall conductivity was proposed to originate from in-plane skyrmion tubes (IST) when the DM interaction has a finite component perpendicular to the plane where the magnetic field is applied, as in noncentrosymmetric magnets [18] . In a wide variety of compounds and heterostructures with broken structural inversion symmetry, the DM interaction is two-dimensional (2D) in nature [15, 19, 20] and lies in the plane of the applied magnetic field. In this scenario, PTHE is unanticipated since the formation of IST is not possible.
Here, we show that conical spin spirals (CSS), the underlying magnetic texture with DM vectors parallel to the plane where the magnetic field is applied, can also generate a significant PTHE. This finding opens up opportunities to elucidate transport properties originating in chiral magnetic textures beyond skyrmions. We find that the PTHE from the CSS is two-fold symmetric with respect to the magnetic-field angle -similar to that from the IST -when only one of the two orthogonal stripe arrangements is present. However, in real magnetic materials, both stripe arrangements often coexist and form labyrinth-like metastable domains, induced by defect pinning. The PTHE in this case of labyrinth stripe domains is four-fold symmetric, clearly distinguishable from the PTHE arising from the IST. Based on the symmetry, magnetic-field dependence, and thickness dependence of the PTHE, we formulate strategies to characterize the nature of the antisymmetric spin-exchange interaction
Inplane skyrmion tube which is often difficult to understand only from indirect experimental evidences.
In Fig. 1 , we show schematically the two spin textures under consideration, viz. the CSS (with DM vectors lying in the x-y plane, i.e. D xy =0, D yz =0) and the IST (with DM vectors lying in the y-z plane, i.e. D xy =0, D yz =0). The key difference is that the DM vectors lie in different planes. In both cases, a finite scalar spin chirality χ ijk =S i · (S j × S k ), the origin of the PTHE, emerges in some regions of the 2D plane. A finite solid angle subtended byn(r)=S(r)/|S(r)|, the orientation of the localized spin S(r), over an infinitesimal loop in space in the continuum limit generates an emergent magnetic field, which can be expressed in two dimensions as B e z = 2en · ∂n ∂x × ∂n ∂y [1, 13, 22] . In the present context of the CSS or the IST, the scalar spin chirality χ and the emergent magnetic field B e z are also finite, and a PTHE is expected to appear asymmetrically with respect to the field angle. At zero field and a very low temperature, the spin texture is obtained by using Metropolis Monte Carlo (MC) annealing [21, 23] , formulated using the spin Hamiltonian
where J > 0 is the strength of the ferromagnetic Heisenberg exchange, i and j are indices of nearest-neighbor lattice sites in 3D space, H in is the strength of the applied in-plane magnetic field, and D αβ ij =D(α ×β) ×r ij represents the DM vector between sites i and j lying in the α − β plane, with D being the strength of the DM interaction andr ij the unit vector between sites i and j. Below we consider two cases separately: (a) |D xy ij | = 0, |D yz ij | = 0 and (b) |D xy ij | = 0, |D yz ij | = 0. When adding the in-plane field, the spin textures were obtained by performing the MC evolution starting from the previously MC converged zero-field low-temperature spin configuration, without changing the temperature [23] . Each field angle θ was measured with respect to the x direction.
With the DM vectors lying in the x-y plane, Fig. 2 (a) shows the CSS texture, spontaneously generated by the MC method in a 20×20×10 slab at H in = 0.9J and θ = 0 • . The top surface of the slab, shown in Fig. 2(b) , exhibits a nonzero scalar spin chirality profile, presented in Fig. 2 
where i, j and k are the three sites of a triangular plaquette p in the underlying square lattice that contains site i. The Bragg intensity profile I(q) = (1/N ) ij S i · S j e −iq·(ri−rj ) , where N is the total number of lattice sites on the surface of the slab, shows a small peak at q = 0 indicating a small spin polarization [inset in Fig. 2(c) ], a characteristic feature that distinguishes a CSS from the regular spin spiral which appears at H in = 0.
To calculate the transverse Hall conductivity at the surface of the slab magnetic system, we consider the following double-exchange Hamiltonian
where t is the nearest-neighbor electron hopping energy and J is the strength of the exchange coupling between the itinerant electron σ and localized S i spins. The configuration of localized spins is generated using MC simulations. The transverse Hall conductivity is obtained via the Kubo formula
where f m is the Fermi function at temperature T and energy m ,ĵ x (ĵ y ) is the current operator along the x (y) direction, |m is the m th eigenstate of H DE , and η is the relaxation rate. We used t = 1, J = 1, and η = 0.1 for the results presented here, with no qualitative difference in the description for other choices, as elaborated before [21] . MC averaging of σ xy was performed by considering 50 different realizations of the spin textures, obtained at a low temperature T =0.001J. PTHE from conical spin spirals.-The Hall conductivity σ xy for the CSS texture, versus the magnetic-field angle θ, is in Fig. 2(d) displaying an anisotropic behavior. The anisotropy arises from the stripes being oriented along one of the diagonals. The field angle where |σ xy | is maximized (minimized) corresponds to a field perpendicular (parallel) to the CSS stripes in Fig. 2(b) . The total scalar spin chirality χ T [see the right y axis in Fig. 2(d) ] also displays a similar anisotropic behavior, confirming the appearance of a finite PTHE from the CSS texture. Since the DM vectors lie entirely in the x-y plane, the θ-dependence of σ xy is identical for different slab thicknesses of the material. In other words, for 2D DM vectors lying in the plane of the magnetic field the PTHE is independent of the thickness of the magnetic material. This phenomenon is expected to appear at perovskite-oxide interfaces (e.g. manganite-iridate interfaces) where the interface DM interaction originates from Rashba spinorbit coupling [5, 19, 21] . PTHE from in-plane skyrmion tubes.-Now let us address a second scenario, discussed earlier in Ref. [18] . In noncentrosymmetric magnets [24] [25] [26] and layered ferromagnets [27, 28] , the DM interaction might have a finite component out of plane and an anisotropy, sizable in thin-films, that stabilizes the SkX phase in a plane perpendicular to the magnetic field. The skyrmions form tubes with the tube axis perpendicular to the plane of the DM vectors. Therefore, some of these skyrmion tubesthose that coincide with the top slab surface where the magnetic field is applied -are expected to produce a PTHE, as conjectured before in the context of MnSi [18] . Consider the DM vectors lying in the y-z plane. In the presence of a magnetic field applied along the x axis, a Néel-type SkX phase is stabilized in the y-z plane, as depicted in Fig. 2(e) . The IST spin texture on the top surface (z = 10) is in Fig. 2(f) . The scalar spin chirality χ, plotted in Fig. 2(g) , is finite near the skyrmion tubes, oriented along the x direction. The Bragg intensity profile I(q) for the IST texture is in the inset of Fig. 2(g) . The transverse Hall conductivity σ xy , plotted in Fig. 2(h) with respect to θ, presents an enhancement when the magnetic field is applied at an angle away from the IST orientation direction i.e. along θ = 0 • and θ = 180 • .
Even though the topological Hall conductivity arising from the IST texture could be larger than that from the CSS texture, it could be challenging to decipher the nature of the underlying spin texture from its nearly similar field-angular profile in these two cases, especially when the DM interaction has both in-plane and out-of-plane components. Interestingly, based on our calculations on a small slab system, we find that σ xy , at a given field angle θ, varies non-monotonically with the slab thickness, as shown in Fig. 2(h) for three consecutive values of the slab thickness. This result implies a thickness dependence of σ xy , with a period dependent upon the size of the skyrmions. This is in sharp contrast with the planar topological Hall response from the CSS. In a larger system, a similar periodic thickness profile of σ xy is also expected to be observed and this difference could be useful to distinguish the IST from the CSS textures using the PTHE measurements.
Magnetic-field variation of PTHE.-To explore the differences in the PTHE between the CSS and IST cases, we now explore the variation of PTHE with the external magnetic-field amplitude. The SkX phase, with |D yz ij | = 0, |D xy ij | = 0, is stabilized in the magnetic slab under consideration within a range of magnetic-field amplitudes, when the field is applied parallel (or anti-parallel) to the in-plane x axis. Consequently, in topological Hall measurements, the formation of the SkX phase is indicated by an enhancement in the topological Hall conductivity within a sharp range of magnetic fields. In Fig. 3 , we compare the field-dependence of the planar topological Hall response from the two chiral spin textures investigated in this effort.
For the CSS phase, the transverse Hall conductivity σ xy increases with magnetic field in the low-field regime (H in 0.8J), and decreases in the high-field regime (H in 0.8J), as shown in Fig. 3(a) . Such a non-monotonic field-dependence appears from the fact that the CSS phase is stabilized within a broad range of magnetic fields, in between the normal spin spiral phase at zero field and the in-plane ferromagnetic phase at very large field, with both of these limits having zero topological Hall conductivity. Figure 3(b) shows a similar enhancement in σ xy at all field angles θ, except near θ = 135 • and θ = 315 • i.e. the alignment direction of the CSS stripes. On the other hand, σ xy for the IST phase enhances rapidly and remains nonzero only within a sharplydefined field range 0.4J H in J. The field range for the IST texture is smaller than that for the CSS texture. Figure 3(d) shows the θ-dependence of the field-variation in σ xy , similar to that in the case of CSS, with the minima located at θ = 0 • and θ = 180 • , fixed by the orientation direction of the skyrmion tubes. Four-fold symmetric PTHE from labyrinth domains.-In general, the spin spirals have two orthogonal solutions which often coexist to form maze-like domain structures, also known as labyrinth domains. These kind of metastable domains can be induced by pinning of the spin spirals by impurities within the sample. The existence of such labyrinth domains was reported in several compounds (both bulk and heterostructures), including thin ferromagnetic films [29] [30] [31] [32] and noncentrosymmetric magnets [7, 33] , in the absence of any magnetic field [23] . In Fig. 4(a) , we show the surface spin texture with do-mains of CSS textures formed in a 40×40×6 slab -with a larger lateral dimension than the previously-discussed slab -at a low temperature T = 0.001J and in-plane magnetic field H in = 0.3J, with the DM vectors lying in the x-y plane. These domains were obtained here as metastable solutions of the MC evolutions. Typical spatial profiles of the scalar spin chirality χ, as in Fig. 4(b) , present pronounced features at the boundaries between the labyrinth domains. Therefore, this finite scalar spin chirality at the boundaries can produce a topological Hall effect even at zero magnetic field [23] .
In an in-plane magnetic field, after subtracting the zero-field contribution arising from the domain boundaries, we find that the transverse Hall conductivity, MCaveraged over several domain configurations, exhibits a four-fold symmetry with respect to the field angle θ, as depicted in Fig. 4(c) . The four minima in |σ xyσ xy (H in = 0)| appears at θ = (2n−1)×45 • , (n = 1, 2, 3, 4). For the CSS texture having only one diagonal arrangement, as presented in Fig. 2(a) , if the applied magnetic field induces a reorientation of the stripes [34, 35] , σ xy is also expected to reveal a four-fold symmetric θdependence. The formation of the labyrinth domains is not possible with the IST since they only appear perpendicular to the plane of the DM vectors, typically fixed in a given material. Therefore, the observation of such a four-fold symmetric PTHE can convincingly identify the CSS texture and exclude the other possibility of IST texture.
Discussion.-We discussed DM interactions that are 2D in nature and the resulting spiral and skyrmions are Néeltype textures. This consideration is prevalent in either effective 2D systems such as oxide interfaces or bulk 3D systems with DM vectors lying identically in parallel 2D planes. Moreover, for a DM interaction that has both in-plane and out-of-plane components, the resulting textures are Bloch type [6] [7] [8] . The description of PTHE, presented here, is equally applicable for the Bloch-type magnetic textures as well.
To conclude, we propose the emergence of topological Hall effect from conical spin spiral textures, when the magnetic field, charge current, and DM vectors all lie in the same plane. The PTHE generically develops from the real-space Berry curvature of the conical spiral spin texture and it appears in a wide variety of magnetic materials. We outline the distinguishing features of the planar topological Hall response from two possible sources, namely the in-plane skyrmions and the conical spin spirals, which can be important to unambiguously probe chiral magnetic textures and identify the nature of the antisymmetric spin-exchange interaction. * Copyright notice. This manuscript has been authored by UTBattelle, LLC under Contract No. DE-AC05-00OR22725 with the U.S. Department of Energy. The United States Government retains and the publisher, by accepting the article for publication, acknowledges that the United States Government retains a non-exclusive, paid-up, irrevocable, world-wide license to publish or reproduce the published form of this manuscript, or allow others to do so, for United States Government purposes. The Department of Energy will provide public access to these results of federally sponsored research in accordance with the DOE Public Access Plan 1. Monte Carlo calculation. To obtain the spin texture of the slab of size 20×20×10, we consider periodic boundary conditions along all three directions. We started the MC calculation at a high temperature T = 5J with a completely random spin configuration and lowered the temperature very slowly down to a very low value T = 0.001J. We used 1000 temperature steps and at each temperature, we performed 2×10 6 MC spin updates. In each MC update, the spin angle -either the polar angle θ or the azimuthal angle φ -is changed to θ ±5 • or φ ±5 • , respectively (the sign is also chosen randomly) and the new spin configuration was accepted or rejected according to the Metropolis algorithm [21] .
In the presence of the in-plane magnetic field, we performed 2×10 6 additional steps of MC evolutions at each field angle θ, keeping the temperature fixed at T = 0.001J, starting with the spin configuration which had been obtained by MC annealing at zero field. The labyrinth stripe domains presented here are metastable solutions of the MC evolution.
Topological Hall effect from Labyrinth domains.
In Fig. S1(a) and (c), we show the spin configurations with zero magnetic field and with an out-of-plane magnetic field Hz = 0.8J, in a two-dimensional 20×20 cluster. The realspace profile of the scalar spin chirality χ for these two spin configurations are shown in Figs. S1(b) and (d). Unlike the skyrmion crystal phase, the "normal" spin spiral has a negligible scalar chirality and, therefore, does not produce any topological Hall effect. Figures S1(e) and (f) are the plots of the spin texture and scalar spin chirality profiles, respectively, on a 40×40 cluster, showing the labyrinth domains and their influence on the scalar spin chirality in the absence of any magnetic field. Such stripe domains are expected to produce topological Hall effect even in the absence of any external magnetic field. , temperature T = 0.001, and easy-plane anisotropy A = 0.01 [21] .
